
Descriptive Set Theory
Lecture 9

Examples of nowhere dense sets .

The Cantor set C. ≤ 10,1] is nowhere

dense base it's closed d has no interior
.

In IN "V
,
for
ay finitely - branching tree T

,
the set [it

is nowhere dead bread it's closed at has he interior
.

Meager ski . Note tht although ↳her date hk term as ideal
,

they are not closet water ctbl unions
.
Indeed
,

IQ is a utbl union of singletons , each of chick
it nowhere dense ban IR is perfect

,
but Ot itself

is dense in IR ( here wet nowhere close!

The we call a set A ≤ ✗ in a top . space ✗ meager if

it is a ctbl union of nowhere decree lets . A is iomeayer
if its complement is meager. By def

, meager
sits form a T- ideal

,

i. e. their clan is closed under ch mins
.

Upgrade property . let ✗ be a top . space I AEX .
(a) A is meager <⇒ A is contained in a meager

Fo sit; in fact A-≤ YG ,
here In

is closed I has empty interior.



(b) A is now eager <⇒ A contains a uoweager Go set;
in fact
,
A≥ Allu ,

where Un is

dense Oper.

Engles In 1N
""

, ang ko sit it meager tease each

compact st is where dense
,

IQ is meager in IR
,
ahu in itself .

Relativi-c-ation.to a subset . let ✗ be a top . space I YEX .

Some top . concepts are absolute between X I Y
,
i. e.

a property P s.t. for a subnet AEY
,

A has P within 4 <⇒ A has Puckin ✗
.

Such absolute properties include : connectedness
, unputnen,

being nonempty , netrizabilib .

Prop . let ✗ be a top. space I
Y≤ ✗ I A- ≤ Y

.

(a) If A is nowhere dense ( resp. wager) in Y then A is

nowhere dense ( resp. meager) in ✗ .

(b) If Y is open , then the converse at (a) also holds
.



Baire spaces , Meager uh , despite their uau
, may be

large sets ii sow spaces, e.g . Ott is maser

but relative to itself it's the hole space.

In other words
,

the f- ideal MGRIX) of meager uh

may
be PCH

,
i.e

.

it trivializes
.

The following isolates

spaces here this doesn't happen ( even he calls / .

Def
.

We call a top . space
Baire if no nonempty

open
set it meager.

Prop . For a top . space X
,
TFAE

.

⇔ ✗ is Baire
,
i. e. every mneptg open utisnonaeger.

(2) Evey wmeager ski, dense ( in particular, moneybag
if ✗ -1-0)

.

(3) Ctbl intersections of open dense sets are dense.
Proof

. (2) ⇒ b) as a special use , I 4)⇒ (2) by the upgrade
property .
(1)⇒ (2)

. lowplemewts of
heneger sits are meager, here

cannot contain a nonempty open net.

(2) ⇒ (1) . For a meager open ut U , its coupleneat is



Wheater , hence dense
,
so 4--0 ,

Dbs
.
In Baire spaces , wneager ⇔ containing dense Go .

Obs . In Baire spaces , nonempty open sets are themselves Baire

spaces .

zadutbl
Useful fact

.

Ia and top . space X ,
7 wuager Gi subset Y

that is O - din
.

Proof
.

let the) be a dbl basis I put Y ✗ \ YOU .

Baire category theorem . loplete metric spaces are Baire
. Also

,

locally compact Hausdorff spaces are Baire
.

Proof
.

let $
,
d) be a wykle metric space ( the Ioc. upset

case is left as he-eworkl
. let Vu be open Muse

sits I ve show tht A Va is dense
.

Fix a nonempty
opes set Uo I show tht 7 ✗ C- U . A fun .do
we play

"

↓ the following game
:

Player 1 : Uo Ui U
,

"• ^"
Player 2 : U.nu. Uinv, Uznvr

" "

where Un-11 ≤ Unh Vu
,
Un ≠∅

,
diaw (Until ≤ ¥, .



Thus
,
the Ña are decreasing d of vanishing dimeter

so Alta = 1×1 , by completeness. But

Attn = fun ≤ Hon f. Vu ,

so the latter is wueptg .

The proof can be carried out were generally in the so - called Choguet
spaces , namely , a space ✗ here in the Chognetgaae ,
Play 1 has a winning strategy . The Chapel gone is :

Player 1 : U . V4
c. -

player 2 : Vo V
,

where U
. ≥ Vo ≥U , ≥ V , ≥ Us≥ . . . Player 2 wins if

f. du f- fun) -1-0. Our proof above thous tht Chogaet

spaces are Baire . It also shows tht cogitate metric

spaces are llwyuet .

her
.

In Polish spaces , dense meager
sits are at Gi

,
here

not Polish in the relative topology . E-g. Ot is not Polish .



We
say

tht a property P in a Baire space ✗ holds

generically if P holds for comedy many points i:X
,

or we gag
ht a generic point has P

.

This way of thinking winepresses sone winter of quantifiers
ii.to 1

,
and provides a method of proof of existence

.

E.
g. one can show tht a gereric continuous function

on [0,1] is where differentiable
,
hence there is a

where differentiable fiction
,
hile constructing such

a function explicitly is more involved. This started with
Cantor

,
who showed tht transcendental numbers

exist by throwing tht all bit ctblg -ay reals are

transcendental
. An exp

/it constantia at sch a
4- uber was given by Liouville earlier

,
but the

proof was again not easy . This is hat popularized
sit theory .

Regularity properties of subsets
of Polish spaces

Games and determining .
We 'll see tht infinite games



and whether one of the two players has a winning strategy
are tightly connected to the mere analytic regularity
properties of subsets of Polish spaces, e.g . neasw

ability,
the perfect wt property, Baire weasarability .


